Introduction
============

The protein translation reaction, one of the most important regulators of cell behavior, involves the interactions of a large number of components, and has been studied extensively because of its importance in the cell ([@b22]). A reconstruction of an *Escherichia coli*-based *in vitro* translation system using protein components, highly purified on an individual basis, showed that 36 enzymes and ribosomes are sufficient to carry out protein translation ([@b27]). These minimal protein components include the ribosomal proteins; initiation, elongation, and release factors; aminoacyl-tRNA synthetases; and enzymes involved in energy regeneration. In addition, many studies have characterized the properties of such individual proteins in detail, for example, by kinetic analysis and three dimensional structural determination (e.g., [@b18]; [@b26]).

In principle, the accumulation of knowledge regarding the molecular basis of protein translation systems should allow the development of large-scale kinetic models of the entire reactions ([@b14]), which would provide insight into the complete relationship between the concentrations of the components, and the yield or rate of protein synthesis. Once these are obtained, we will have a complete understanding of the kinetic mechanism of the reaction that, for example, will allow prediction of the rates and/or yields under a given set of conditions. However, the development of a large-scale kinetic model requires a vast number of rate constants under a given set of conditions, which are difficult to obtain in practice. Thus, a coarse-grained model of the reaction is important ([@b8]; [@b25]; [@b28]; [@b14]), which still provides insight into the kinetic mechanism as well as allows prediction.

One way of obtaining a coarse-grained model is to quantify the epistatic interactions ([@b5]; [@b24]) among the components comprising the protein translation system. We use the term 'epistasis,\' which is often used in the field of genetics ([@b5]; [@b24]). Epistasis refers to the deviation from the expected phenotype when perturbations are combined. For example, negative epistasis means that although individual gene knockouts are dispensable, they become lethal when combined. The term epistasis is also used to refer to the interaction between the effects of mutations on the properties of proteins, which is also referred to as mutational nonadditivity. Here, we extend the usage of this term to express the interactions among the concentration changes of the components constituting biological systems.

Let us assume a system showing an activity *f* is composed of two components with concentrations (*c*~*i*~^0^, *c*~*j*~^0^; see [Figure 1A](#f1){ref-type="fig"}). Furthermore, assume that the system alters the activity to *f*+Δ*f* by modulating the concentrations of the two components to (*c*~*i*~^1^, *c*~*j*~^1^). The difference in activity because of these concentration changes (Δ*f*) is written as:
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where *w*~*i*~ is the effect of altering the concentration of component *i* on the activity of the system, and *w*~*ij*~ is the interaction term ([Figure 1A](#f1){ref-type="fig"}). When *w*~*ij*~=0, the effects of altering the concentrations are additive and thus there is no epistatic interaction, whereas *w*~*ij*~≠0 indicates that the two components show an epistatic interaction. The above example is a case with a system composed of two components, in which up to 2-body interactions may occur. However, a system composed of *n* components may show 2- to *n*-body interactions.

For interactions to be determined experimentally and quantitatively, the protein translation system should be composed of components the concentrations of which can be altered as required. Here, we used an *E. coli*-based *in vitro* translation system reconstituted from highly purified individual components, named the PURE system ([@b27]). As this system is prepared by mixing 69 defined components, the concentrations of which can be varied as desired, the protein synthesis activity of this system can be defined as a function of the concentrations of these 69 components. Using this system, we addressed the question: 'While it is possible to consider from 2- to 69-body interactions among the components, up to what body interaction terms make a significant contribution to protein synthesis activity of the system, and how large are the interaction terms?\' Here, we report an analysis of the experimental results using Bahadur expansion ([@b29]; [@b17]; [@b12]), which gave quantitative values of the epistatic interactions among the components. This information provided insight into the kinetic mechanism of the reaction and also allowed us to predict the yield of the synthesized protein with various sets of component concentrations from small amounts of data. Our results are discussed with respect to adaptability and evolvability of the protein translation system.

Results
=======

Defining three concentration vectors
------------------------------------

The protein synthesis activity of the *in vitro* translation system used in this study ([@b27]) can be defined as a function of the concentrations of 69 components (*c*~1~, *c*~2~, *c*~3~,..., *c*~69~). Note that molecules consisting of multiple elements, such as the ribosome, were counted as single components. We used the fluorescence intensity of GFP (green fluorescent protein) obtained after 3-h protein synthesis reaction at 37°C, with 300 nM mRNA of the *gfp* gene ([@b13]), as an indicator of the activity of this system, and defined activity (*f*) as the natural logarithm of fluorescence intensity (*FI*); *f*=ln(*FI*). Note that 3 h is the time duration in which the translation reaction is complete ([@b27]; [@b15]). Nevertheless, as the intensity value at 3 h is correlated with the initial reaction velocity ([Supplementary Figure S1](#S1){ref-type="supplementary-material"}), *f* is considered to evaluate protein synthesis activity at the free energy level.

We first varied the concentrations of the components as described below and defined three different concentration vectors **C**^*i*^=(*c*~1~^*i*^, *c*~2~^*i*^, *c*~3~^*i*^,..., *c*~69~^*i*^) (*i*=0,1,2). Although the system is composed of 69 components, processes using two components are shown for simplicity in [Figure 1A](#f1){ref-type="fig"}. The initial concentrations of 69 components **C**^0^=(*c*~1~^0^, *c*~2~^0^, *c*~3~^0^,..., *c*~69~^0^) were determined primarily based on the previous report by [@b27]). The concentration of component *i* (=1,2,...,69) was varied to search for the concentration that maximizes the GFP synthesis activity, whereas the concentrations of the other components remained fixed, and the concentration of component *i* for the largest activity *c*~*i*~^1^ was obtained ([Supplementary Figure S2](#S1){ref-type="supplementary-material"}). The concentrations of components, the activity of those could not be improved by altering their concentration, were not altered from the initial value. In this way, we determined the concentration vector **C**^1^=(*c*~1~^1^, *c*~2~^1^, *c*~3~^1^,..., *c*~69~^1^). The identical optimization cycle was carried out from **C**^1^ to obtain **C**^2^ (values given in [Supplementary Table S1](#S1){ref-type="supplementary-material"}). The entire dataset obtained when the concentrations of individual components were altered is shown in [Supplementary Figure S2](#S1){ref-type="supplementary-material"}, and the text data are given in [Supplementary Table S3](#S1){ref-type="supplementary-material"}.

The results of GFP synthesis reaction using **C**^0^, **C**^1^, and **C**^2^ are shown in [Figure 1B](#f1){ref-type="fig"}. In case, there were no interactions among the concentration changes, the fluorescence intensity should increase monotonously, as the effects of optimizing the concentration of individual components would be accumulated. The observed intensity increased from *FI*(**C**^0^) to *FI*(**C**^1^), whereas it decreased from *FI*(**C**^1^) to *FI*(**C**^2^). These results indicated the presence of epistatic interactions among the components.

Grouping of 69 components into modules
--------------------------------------

This study was carried out to quantify the epistatic interactions among 69 components. Using our strategy (see below), if each component takes one of the two different states, exhaustive quantification of the interaction requires more than 10^20^ (≈2^69^) measurements, which is obviously not feasible. To overcome this practical problem, we classified 69 'components\' into three or four 'modules\' and examined the extents of interactions among the modules ([Box 1](#box1){ref-type="boxed-text"}). As described below, we obtained similar results regardless of the modularization scheme used, and thus investigating the inter-module interactions led to elucidation of the inter-component interactions (see [Box 2](#box2){ref-type="boxed-text"}, and [Supplementary information, Appendix I](#S1){ref-type="supplementary-material"}). The rationale behind the modularization experiments is illustrated in [Box 2](#box2){ref-type="boxed-text"}.

[Box 1](#box1){ref-type="boxed-text"} shows a schematic representation of the modularization experiments. We prepared four modules from each of the concentration vectors **C**^0^ and **C**^1^, according to modularization scheme 1 ([Figure 2A](#f2){ref-type="fig"}), yielding concentration vectors (**m**~1~^*t*^, **m**~2~^*t*^, **m**~3~^*t*^, **m**~4~^*t*^)=**C**^*t*^ (*t*=0,1), where **m**~*k*~^*t*^ is the vector of the component\'s concentrations given by the modularization scheme. Then, the activity of the system was measured by recombining these modules ([Box 1](#box1){ref-type="boxed-text"}). Notations, such as '0000\' and '1111\' in [Box 1](#box1){ref-type="boxed-text"} indicate (**m**~1~^0^, **m**~2~^0^, **m**~3~^0^, **m**~4~^0^) and (**m**~1~^1^, **m**~2~^1^, **m**~3~^1^, **m**~4~^1^), respectively. As this 'sequence\' (e.g., '0101\'=(**m**~1~^0^, **m**~2~^1^, **m**~3~^0^, **m**~4~^1^)) gives a set of concentrations of all 69 components, fluorescence intensity is assigned for this sequence. [Figure 2B](#f2){ref-type="fig"} shows the fluorescence intensities of all possible sequences generated by recombining the modules '0000\' and '1111\' (denoted as '0000 × 1111\') (left), where 16 experimental data sets were obtained. Identical experiments were carried out by grouping **C**^1^ and **C**^2^ into four modules according to modularization scheme 1 (denoted as '1111 × 2222\') ([Figure 2B](#f2){ref-type="fig"}, right), or by grouping **C**^0^ and **C**^1^ into three modules according to modularization scheme 2 or 3 ([Figure 2A and C](#f2){ref-type="fig"}) (denoted as '000 × 111\'). Data shown in [Figures 2B and C](#f2){ref-type="fig"} were subjected to Bahadur expansion analysis to quantify the inter-module interactions.

Inter-module interaction showed by Bahadur expansion
----------------------------------------------------

We defined the activity *f*(**x**) of a sequence **x**, where **x**=*x*~1~*x*~2~*x*~3~*x*~4~ (e.g., **x**='0110\'), as the natural logarithm of the fluorescence intensity *FI*(**x**); *f*(**x**)=ln(*FI*(**x**)). We carried out Bahadur expansion analysis ([@b29]; [@b17]; [@b12]), which is similar to Fourier expansion, to map a set of experimental activity values into an orthonormal system in which bases represent 1-body, 2-body, 3-body, *etc.*, interaction terms (for further details, see Materials and Methods). In the case of four-letter sequences, Bahadur expansion converts 2^4^ activity values into 2^4^ different interaction terms (*f*~0~, *w*~*i*~, *w*~*ij*~, *w*~*ijk*~, and *w*~*ijkl*~, see below), which can be compared with each other. For example, using '0000 × 1111\' and '1111 × 2222\' in [Figure 2B](#f2){ref-type="fig"}, a set of experimental activities for all 16 (=2^4^) sequences are mapped into the following orthonormal system consisting of 16 bases (1, *z*~1~, *z*~2~, *z*~3~, *z*~4~, *z*~1~*z*~2~, *z*~1~*z*~3~,..., *z*~1~*z*~2~*z*~3~*z*~4~):
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where *z*~*i*~ is determined by converting a letter *x*~*i*~ as follows:
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and *f*~0~, *w*~*i*~, *w*~*ij*~, *w*~*ijk*~, and *w*~*ijkl*~ are the 0th, 1st, 2nd, 3rd, and 4th order Bahadur coefficients, respectively. The 0th order coefficient (*f*~0~) is an average activity over all sequences, and the 1st order coefficient (*w*~*i*~) is the 1-body contribution of a module *i*. The terms *w*~*ij*~, *w*~*ijk*~, and *w*~*ijkl*~ are 2-, 3-, and 4-body contributions, respectively, which represent the epistasis caused by inter-module interactions.

The calculated Bahadur coefficients are shown in [Figure 3A](#f3){ref-type="fig"}. The absolute values of the coefficients became smaller as the order increased for both '0000 × 1111\' and '1111 × 2222.\' Note that if the activities are assigned as random numbers for all sequences, then all coefficients obtained using Bahadur expansion take an identical weight on average as with white noise. These results indicate that higher order terms make less of a contribution to the activity. Next, the coefficient of determination (*R*^2^) was calculated for each Bahadur coefficient ([Figure 3B](#f3){ref-type="fig"}). The *R*^2^ value for each Bahadur coefficient is equivalent to the *R*^2^ (square of the correlation coefficient *R*) of regression analysis between the calculated and experimental activities, in which the calculated value was obtained from [equation (2)](#illus2) by setting all other coefficients to 0. We confirmed that higher order terms make smaller contributions to the activity. Furthermore, the activity for each sequence was calculated using the obtained coefficients but by truncating [equation (2)](#illus2) at the 1st, 2nd, 3rd, and 4th order, respectively. The inset of [Figure 3B](#f3){ref-type="fig"} shows *R*^2^ values for the correlations between the calculated and experimental data. These *R*^2^ values are equivalent to those obtained by cumulating the elemental *R*^2^ values up to the 1st, 2nd, 3rd, and 4th order, respectively. The *R*^2^ value reached more than 0.96 even with truncation at the 3rd and 4th order, indicating that truncation at the 2nd order is sufficient to explain the experimental results. That is, larger than 2-body interactions among the modules can be approximated to zero.

To verify the statistical significance of these findings, we carried out a shuffling test. By shuffling the assignment of the observed activity values to sequences randomly, we generated 1000 sets of shuffled tables. Then, we carried out the same analysis as described above. In the case of shuffled data sets, the *R*^2^ value for each Bahadur coefficient took an identical weight on average (0.067≈1/15) as with white noise. Furthermore, the *R*^2^ values calculated by truncating [equation (2)](#illus2) at the 1st, 2nd, 3rd, and 4th order, respectively, were significantly smaller than the original data for the 1st and 2nd order truncation (inset of [Figure 3B](#f3){ref-type="fig"}, black bar), indicating that the observation that larger than 2-body inter-module interaction can be approximated to zero is a physicochemical property of the *in vitro* translation system.

We then carried out the same analysis as described above with the data obtained by grouping the components into three modules ([Figure 2C](#f2){ref-type="fig"}) and obtained the *R*^2^ value for each Bahadur coefficient ([Figure 3C](#f3){ref-type="fig"}). Consistent with the four module experiments, *R*^2^ values decreased for higher order interaction terms. The inset of [Figure 3C](#f3){ref-type="fig"} shows *R*^2^ values for the correlations between the calculated and experimental data, in which the calculated values were obtained by 1st, 2nd, and 3rd order truncation, respectively. The *R*^2^ value reached more than 0.99 even without the 3rd order coefficients regardless of the modularization scheme, indicating that truncation at the 2nd order is sufficient to explain the experimental results. Thus, we concluded that larger than 2-body interactions among the modules could be approximated to zero, regardless of the modularization scheme used.

Inter-component interaction of six components showed by Bahadur expansion
-------------------------------------------------------------------------

We aimed to quantify the epistatic interactions among 69 components. For this purpose, we grouped the components into modules to investigate the inter-module interactions, which still provided information on the inter-component interactions. This was based on the following theorem (see [Box 2](#box2){ref-type="boxed-text"} for schematic explanations, and [Supplementary information, Appendix I](#S1){ref-type="supplementary-material"} for mathematical descriptions):

If 'inter-module\' interactions larger than 2-body can be approximated to zero irrespective of how to define the modules, that is, irrespective of the modularization scheme (grouping of components) and concentrations of individual components in each module, the 'inter-component\' interactions larger than 2-body interactions can be approximated to zero.

In the previous section, we showed that 1- and 2-body inter-module interactions are sufficient to explain the experimental results with three different modularization schemes ([Figure 3B and C](#f3){ref-type="fig"}), and with two different pairs of concentration vectors ([Figure 3B](#f3){ref-type="fig"}). By applying the above theorem to the four observations, we developed the following conjecture: inter-component interactions larger than 2-body can be approximated to zero for the components comprising the protein translation system used. The question is whether four different experiments ([Figure 2B and C](#f2){ref-type="fig"}) are sufficient to fulfill the arbitrariness. Rather than testing more different modularization schemes, we decided to conduct the experiment to quantify the inter-component interaction directly, which further suggested that the above conjecture is true.

We thus further investigated whether the above conjecture is true by directly measuring the inter-component interactions. We chose six components (magnesium acetate (Mg(OAc)~2~), transfer RNA (tRNA), spermidine, potassium glutamate (K-Glu), NTPs, and creatine phosphate (CP)), which affected protein synthesis activity when their concentrations were altered. The experiment was designed such that each of the six components took the concentration in either **C**^1^ or **C**^2^, whereas the concentrations of the remaining 63 components were fixed to **C**^1^ (values are given in [Supplementary Table S2](#S1){ref-type="supplementary-material"}). Therefore, the experimental conditions here can be written as a binary sequence of length six: for example, '111111\'=(*c*~Mg(OAc)2~^1^, *c*~tRNA~^1^, *c*~spermidine~^1^, *c*~K-Glu~^1^, *c*~NTP~^1^, *c*~CP~^1^) and '222222\'=(*c*~Mg(OAc)2~^2^, *c*~tRNA~^2^, *c*~spermidine~^2^, *c*~K-Glu~^2^, *c*~NTP~^2^, *c*~CP~^2^). The results of '111111 × 222222\' are shown in [Figure 4A](#f4){ref-type="fig"}. *R*^2^ values calculated using the 1st--6th order truncation are shown in [Figure 4B](#f4){ref-type="fig"}. The *R*^2^ value reached more than 0.99 even without coefficients higher than 2nd order, indicating that 2nd order truncation is sufficient to explain the experimental results. These results were consistent with the conjecture, further suggesting that the above conjecture is true.

Relative contribution of 2-body to 1-body interaction terms on protein synthesis activity
-----------------------------------------------------------------------------------------

We found that the activity of the system can be expressed by using up to the 2-body interaction terms (e.g. *f*=*f*~0~+*z*~*i*~*w*~*i*~+*z*~*j*~*w*~*j*~+*z*~*i*~*z*~*j*~*w*~*ij*~). Therefore, we investigated the relative contribution of 2-body (*z*~*i*~*z*~*j*~*w*~*ij*~) to 1-body (*z*~*i*~*w*~*i*~+*z*~*j*~*w*~*j*~) interaction terms on protein synthesis activity. We investigated these by plotting the relationship between (*z*~*i*~*w*~*i*~+*z*~*j*~*w*~*j*~) and (*z*~*i*~*z*~*j*~*w*~*ij*~), which represents the sum of the effects of two perturbations (alteration of the concentrations of two components or modules individually), and the effects of interaction between the two, respectively ([Figure 5](#f5){ref-type="fig"}). Larger '*z*~*i*~*w*~*i*~+*z*~*j*~*w*~*j*~\' values tended to show larger '*z*~*i*~*z*~*j*~*w*~*ij*~\' values, indicating that larger interaction occurs when combining larger perturbations. We also calculated γ~NA~ (=∣*z*~*ij*~*w*~*ij*~∣/∣*z*~*i*~*w*~*i*~+*z*~*j*~*w*~*j*~∣) from the data shown in [Figure 5](#f5){ref-type="fig"} and obtained a median value of 0.16. This observation indicated that when simultaneously altering the component concentrations, the activity of the system can be reduced or increased on average by a factor of 0.16 from the sum of the effects of individual changes. Thus, the inter-component interaction in the protein translation system showed a small degree of interaction on average.

Discussion
==========

In the protein translation system used in this study, although 2- to 69-body inter-component interactions are conceivable, we have shown that larger than 2-body interactions can be approximated to zero. Note that this conclusion is valid with alteration of the concentrations of the components over the range tested in this study. The absence of larger than 2-body interactions (epistatic interactions) reported here does not indicate the absence of molecular complexes of more than two components. Obviously, the protein translation reaction proceeds by generating large complexes ([@b22]). Below, we discuss the interpretation of our results from the kinetic viewpoint, and also give an example of 2-body interaction from the molecular viewpoint.

Fluorescence intensity obtained experimentally (*FI*), which correlates with the initial reaction velocity (*v*) ([Supplementary Figure S1A](#S1){ref-type="supplementary-material"}) can be factorized as follows:

where *fnc* is an arbitrary function and *c*~*i*~ is the concentration of component *i*. The presence of *t*-th term (*t*=1, 2,..., 69) in the above equation is identical to the presence of the *t*-body interaction term in the Bahadur expansion (see [Supplementary information, Appendix II](#S1){ref-type="supplementary-material"} for details). Thus, our results indicated that when factorizing the polynomial form of the large-scale kinetic models, larger than 2nd order terms in the above equation can be approximated to zero. Although the absence of larger than 2-body interactions alone cannot show the detailed molecular mechanism, it is important to link the epistatic interaction and the physical interactions among the molecules. Therefore, we provide one example of a 2-body interaction below.

We considered GTP being utilized at various stages of the protein translation reaction. If two different enzymes (or reaction intermediates) compete for free GTP and the rate of the reaction catalyzed by the enzymes is limited by the GTP concentration, there will be a 2-body epistatic interaction between the enzymes (see [Supplementary information, Appendix II](#S1){ref-type="supplementary-material"} for details). Similarly, if *n* enzymes compete for GTP, there will be *n*-body interactions. Thus, even in the absence of direct physical interactions among the enzymes, epistatic interactions occur through an indirect physical interaction through the GTP molecule. However, epistatic interactions disappear if the GTP concentration is sufficiently high such that the rates of the reactions catalyzed by the enzymes are no longer limited by the GTP concentration.

As biological systems consist of vast numbers of components, it would be useful to be able to predict the activity values under vast numbers of conditions with different combinations of component concentrations ([@b33]; [@b34]; [@b2]; [@b4]; [@b7]; [@b32]). The absence of larger than 2-body inter-component interactions means that activity values of the *in vitro* translation system can be predicted by estimating up to the 2nd order Bahadur coefficients. To estimate those for a binary sequence with a length of *n*, a set of activity of at least ~*n*~C~0~+~*n*~C~1~+~*n*~C~2~=0.5 × (2+*n*+*n*^2^) sequences is needed. Once these coefficients are obtained, it is possible to predict the results of all other possible sequences (2^*n*^−0.5 × (2+*n*+*n*^2^)). As an example, we tested the predictability using the data in which fluorescence intensity is defined by a binary sequence of length six ([Figure 4A](#f4){ref-type="fig"}). In this case, at least 22 experimental data are needed to estimate the 2nd order Bahadur coefficients for prediction of the other 42 (=2^6^−22) results. A typical scheme for choosing the 22 data (and sequences) is as follows. First, pick a reference sequence (e.g., '111111\'), and then all possible single-point mutants ('211111,\' '121111,\'..., '111112\'), and the double-point mutants ('221111,\' '212111,\'..., '111122\'). Note that although the selection strategy often follows the theory of the design of experiments ([@b11]), our simple scheme was sufficient for accurate prediction as described below. Using the 22 sequence--activity relationships, up to the 2nd order Bahadur coefficients can be estimated using [equation (m4)](#illus8) (Materials and methods), which then allow prediction of the remaining 44 samples. [Figure 6A](#f6){ref-type="fig"} shows the correlation between the experimental and predicted data using '111111\' as a reference sequence; the prediction showed good agreement with the experimental data. [Figure 6B](#f6){ref-type="fig"} shows *R*^2^ values calculated similarly using each of the 64 as a reference sequence. This rank order plot shows that the *R*^2^ value was \>0.8 in 57 of 64 cases and thus high *R*^2^ values could be obtained with 90% probability. Such high *R*^2^ values were not obtained using the same prediction by the 1st order truncation, indicating the necessity of 2nd order coefficients for accurate prediction. Furthermore, when the strategy of 2nd order truncation was applied to the prediction of the data sets in which the sequence--activity relationship was shuffled randomly, we obtained an average *R*^2^ value of 0.025, indicating the necessity of considering up to 2-body interactions for accurate prediction. The methodology presented here is effective for prediction and optimization of other biological systems, particularly if their higher order epistatic interactions are estimated to be negligible as in the protein translation system.

Our results may be important to understand the evolvability and the adaptability of the protein translation system. Typically, the presence of epistatic interactions in a genetic interaction network indicates that the effects of 2 particular perturbations are mutually interdependent. For example, although individual mutations A and B are deleterious to the cell (decrease fitness), they become beneficial (increase fitness) when both mutations are combined. In such cases, accumulation of beneficial mutations in a population requires a longer time than in the absence of such interactions. This is because two mutations A and B have to be introduced simultaneously in the presence of interactions, whereas each beneficial mutation can be accumulated sequentially in the absence of such interactions. Using the genetic interaction network, analysis of the interactions is more qualitative than quantitative. A quantitative analysis of epistatic interactions among the mutations of proteins (mutational nonadditivity) has been carried out, and the extent of such nonadditivity has been shown to be small: the effects of two simultaneous mutations differ by an average of 10% from the sum of the effects of individual mutations ([@b31]; [@b10]; [@b21]; [@b19]; [@b1]; [@b6]) (see [Supplementary information, Appendix III](#S1){ref-type="supplementary-material"}). This property has allowed their past evolutionary processes, as each beneficial mutation can be accumulated sequentially. Small values of nonadditivity can also explain why a number of directed evolution experiments succeeded in evolving protein function artificially ([@b3]; [@b20]).

We quantified the epistatic interactions using an *in vitro* translation system reconstituted only from components essential for the reaction. Therefore, unlike living cells that can tolerate single gene knockout of substantial fractions of the genes because of buffering by the presence of duplicate genes or alternative biological pathways ([@b16]; [@b9]; [@b5]), a single knockout of any of the components of the present system is lethal ([@b27]). Using such a system, we estimated that the extent of epistatic interaction between the components constituting the system is γ~NA~=0.16 on average, and is thus small as mutational nonadditivity described above. This small epistatic interaction or nonadditivity suggests that the protein translation system has the potential to adjust the concentration of each of the components in a given environment without becoming trapped in local maxima, thus avoiding an exhaustive search in the concentration space. Similar to the protein evolution mentioned above, the system can accumulate beneficial mutations, for example, in the promoter regions thereby altering the component concentrations and enabling adaptation and evolution in a given environment or even in new environments. Although the extent of epistatic interaction estimated here is derived from the protein translation system, as all biological systems are the product of natural evolution, the small extent of epistatic interactions may be a general property of all living systems.

Materials and methods
=====================

*In vitro* translation system
-----------------------------

All plasmids encoding the proteins included in the *in vitro* translation system used (PURE system) were kindly provided by Professor Ueda and Dr Shimizu (University of Tokyo). All proteins were purified according to protocols of [@b15] and [@b27], and ribosomes were purified according to the protocol of [@b23]. For GFP synthesis, aliquots of 20 μl of the *in vitro* translation system containing four units of RNasin (Promega), 50 nM AlexaFluor647 (Invitrogen), and 300 nM GFPuv5 RNA were prepared and incubated at 37°C for 3 h in a real-time PCR system (Mx3005P; Stratagene). The concentrations of all other components (initiation, elongation, termination factors; aminoacyl-tRNA synthetases; energy regenerating enzymes; ribosomes; amino acids; and low molecular weight compounds) are listed in [Supplementary Tables S1 and S2](#S1){ref-type="supplementary-material"}. Note that although we used RNA as a template for the reaction, T7 RNA polymerase was included in the system to retain the ability to also use a DNA template. Filter sets used for measuring the fluorescence intensities of GFP and AlexaFluor647 were 492/516 and 635/665 nm (excitation/emission wavelength), respectively. AlexaFluor647 was used as an internal control to normalize the differences in fluorescence intensity among the wells. The day-to-day variation of the data (typically \<20%) was normalized using the internal controls. For example, assume that the control sample gave a value of *FI*~C1~ and *FI*~C2~ on day 1 and 2, respectively. The data obtained on day 2 were normalized by multiplying *FI*~C1~/*FI*~C2~ to the obtained values.

RNA preparation
---------------

The GFP DNA fragment was amplified by PCR using PYRObest DNA polymerase (Takara) according to the manufacturer\'s instructions using pETG5tag ([@b30]) as a template with the primers T7F (5′-TAATACGACTCACTATAGGG-3′) and G5tCys (5′-TTATTAACAACATCCTGGACAACATTTGTAGAGCTCATCCAT-3′). The GFP used was GFPuv5, which was constructed previously by [@b13]). The resulting PCR products were used directly for *in vitro* transcription by adding 150 μg of PCR fragments to 800-μl mixtures consisting of 40 mM Tris--HCl (pH 8.0), 8 mM MgCl~2~, 5 mM DTT, 2 mM spermidine, 0.4 mM NTPs, and 20 μg T7 RNA polymerase, and incubated at 37°C for 5 h. RNA was purified using an RNeasy Midi Kit (QIAGEN) following the manufacturer\'s instructions.

Bahadur expansion
-----------------

Considering a set of all possible binary sequences with length *n*, we denote an arbitrary binary sequence by **x**='*x*~1~*x*~2~...*x*~*n*~,\' where *x*~*i*~ typically takes 0 or 1 (*i*=1,2,...,*n*), and we denote the set by **X**. First, *x*~*i*~ is converted to *z*~*i*~ by:
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Thus, we define the following function system:

The set of functions {ψ~*i*~(**x**)∣*i*=0, 1, 2,..., 2^*n*^−1} forms orthonormal bases of this vector space, that is, this function system satisfies the following relationships:
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Therefore, any function *f*(**x**) is expanded as follows:

![](msb200950-i8.jpg){#illus8} where *w*~*i*~ is the Bahadur coefficient and is determined using:

An example for *n*=4 is shown in [equation (2)](#illus2), which is shown as the sum of 1-, 2-, 3-, and 4-body interaction terms. Four-letter sequences, such as DNA, can be subjected to Bahadur expansion analysis ([@b2]). All calculations were carried out using Mathematica (Wolfram Research).

The 69 components were grouped into four modules, yielding concentration vectors (**m**~1~^*t*^, **m**~2~^*t*^, **m**~3~^*t*^, **m**~4~^*t*^)=**C**^*t*^ (*t*=0,1), where **m**~*k*~^*t*^ is the vector of the component\'s concentrations given by the modularization scheme. Then, the activity of the system was measured by recombining these modules. Notations, such as '0000\' and '1111\' indicate (**m**~1~^0^, **m**~2~^0^, **m**~3~^0^, **m**~4~^0^) and (**m**~1~^1^, **m**~2~^1^, **m**~3~^1^, **m**~4~^1^), respectively. As this 'sequence\' (e.g., '0101\'=(**m**~1~^0^, **m**~2~^1^, **m**~3~^0^, **m**~4~^1^)) gives a set of concentrations of all 69 components, fluorescence intensity (e.g., *FI*('0000\')) is assigned for this sequence. Activity values of all possible sequences generated by recombining the modules '0000\' and '1111\' (denoted as '0000 × 1111\') were measured. These data were subjected to Bahadur expansion analysis to obtain quantitative values of inter-module interactions. Note that investigation of the 'inter-module\' interactions led to the elucidation of the 'inter-component\' interactions (see [Box 2](#box2){ref-type="boxed-text"} and [Supplementary information, Appendix I](#S1){ref-type="supplementary-material"}).

Let us assume a system composed of six components. The six components were grouped arbitrarily into modules and the inter-module interactions were quantified using Bahadur expansion analysis. When 2-body interactions are present between the components, 2-body inter-module interactions are detected depending on the modularization scheme (left). However, when 2-body interactions are absent between the components, 2-body inter-module interactions are absent irrespective of the modularization scheme. Hence, when 'inter-module\' interactions larger than 1-body interactions can be approximated to zero irrespective of how to define the modules, that is, irrespective of the modularization scheme (grouping of components) and concentrations of individual components in each module, the 'inter-component\' interactions larger than 1-body interactions can be approximated to zero. Similarly, when larger than 2-body inter-module interactions are absent, larger than 2-body inter-component interactions are absent. In this way, investigating the 'inter-module\' interaction leads to elucidation of the 'inter-component\' interactions. For the mathematical description, see [Supplementary information, Appendix I](#S1){ref-type="supplementary-material"}.

Supplementary Material {#S1}
======================

###### 

Appendix I, II, III, Legends to Supplementary tables S1-3, Supplementary Figures S1-2

###### 

Supplementary Table S1&S2

###### 

Supplementary Table S3

###### 

Supplementary Table S4

The authors thank Naoko Miki, Hitomi Komai and Kumiko Nakamura for technical assistance, and Drs N Ono, K Hosoda (Osaka University), and Y Husimi (Saitama University) for helpful discussions. This research was partially conducted in Open Laboratories for Advanced Bioscience and Biotechnology (OLABB), Osaka University. This research was supported in part by 'Special Coordination Funds for Promoting Science and Technology: Yuragi Project\' and 'Global COE (Centers of Excellence) Program\' of the Ministry of Education, Culture, Sports, Science, and Technology, Japan.

The authors declare that they have no conflict of interest.

![Schematic representation of the strategy for defining three concentration vectors. (**A**) Schematic with a system composed of two components *i* and *j*. Although the system is composed of 69 components, processes with two components are shown for simplicity. From the initial conditions, that is, **C**^0^ (=*c*~*i*~^0^, *c*~*j*~^0^), the concentration of component *i* (*c*~*i*~^0^) was varied to search for the concentration that maximizes the activity (*c*~*i*~^1^), whereas the concentrations of the other components remained fixed (red). The same was done with component *j* (blue). The activity of the system was then evaluated using the concentration vector **C**^1^ (=*c*~*i*~^1^, *c*~*j*~^1^). Identical optimization steps were carried out for another cycle to obtain **C**^2^. The height of the red arrow (*w*~*i*~) plus the blue arrow (*w*~*j*~) indicates the results expected when assuming additivity (no epistatic interaction, *w*~*ij*~=0), the black bold arrow indicates the measured data, and dashed lines with arrows on both sides indicates the interaction term (*w*~*ij*~). (**B**) Fluorescence intensity obtained with the GFP synthesis reaction using the concentration vectors **C**^0^, **C**^1^, and **C**^2^. The results of two independent trials are shown.](msb200950-f1){#f1}

![Grouping of the 69 components into modules to investigate the inter-module interactions. (**A**) Three modularization schemes used in this study. The 69 components were grouped into 4 (scheme 1) or 3 modules (schemes 2 and 3). See [Supplementary Table S1](#S1){ref-type="supplementary-material"} for abbreviations of the names of the components and their concentrations. (**B**) Combinatorial experiments of modules '0000 × 1111\' (left) and '1111 × 2222\' (right). Modularization was carried out according to scheme 1. Notations, such as '0101\', indicate the concentration vector generated by combining the modules (**m**~1~^0^, **m**~2~^1^, **m**~3~^0^, **m**~4~^1^). Fluorescence intensities of synthesized GFP for each binary sequence are shown on the vertical axis. Results of two independent trials are shown. (**C**) Combinatorial experiments using modules '000 × 111.\' Modularization was carried out according to scheme 2 or 3. Results of two independent trials are shown. Text data of (B) and (C) are given in [Supplementary Table S4](#S1){ref-type="supplementary-material"}.](msb200950-f2){#f2}

![Results of Bahadur expansion analysis of the experimental data. (**A**) Bahadur coefficients determined from the data shown in [Figure 2B](#f2){ref-type="fig"}. The heights of the bars labeled **m**~*i*~ and **m**~*i*~--**m**~*j*~ on the horizontal axis indicate the 1st order coefficient of module **m**~*i*~ and the 2nd order coefficient of the interaction between module **m**~*i*~ and **m**~*j*~, respectively. (**B**, **C**) *R*^2^ values for each Bahadur coefficient from the results shown in [Figure 2B](#f2){ref-type="fig"} (B) and [Figure 2C](#f2){ref-type="fig"} (C). Insets show the *R*^2^ values calculated by each order truncation of [equation (m4)](#illus8). The results of two independent trials are shown.](msb200950-f3){#f3}

![Quantification of inter-component interactions. (**A**) Six components (Mg(OAc)~2~, tRNA, spermidine, K-Glu, NTPs, and CP) were designed to take the concentration either in **C**^1^ or **C**^2^, whereas the concentrations of the other 63 components were fixed to **C**^1^ (values are given in [Supplementary Table S2](#S1){ref-type="supplementary-material"}). Therefore, the experimental conditions (concentration vector) here can be written as a binary sequence of length 6, for example, '111111\'=(*c*~Mg(OAc))2~^1^, *c*~tRNA~^1^, *c*~spermidine~^1^, *c*~K-Glu~^1^, *c*~NTP~^1^, *c*~CP~^1^) and '222222\'=(*c*~Mg(OAc)2~^2^, *c*~tRNA~^2^, *c*~spermidine~^2^, *c*~K-Glu~^2^, *c*~NTP~^2^, *c*~CP~^2^). The experimental results of '111111 × 222222\' are shown. Text data are given in [Supplementary Table S4](#S1){ref-type="supplementary-material"}. (**B**) *R*^2^ values calculated by the 1st--6th order truncation of [equation (m4)](#illus8) for the combinatorial experiments of six components.](msb200950-f4){#f4}

![Relative contribution of 2-body (*z*~*i*~*z*~*j*~*w*~*ij*~) to 1-body (*z*~*i*~*w*~*i*~+*z*~*j*~*w*~*j*~) interaction terms on protein synthesis activity. Combinatorial experiments with modules '0000 × 1111\' (filled circles) and '1111 × 2222\' (open circles), modularization of which was carried out according to scheme 1 ([Figure 2B](#f2){ref-type="fig"}). Combinatorial experiments with modules '000 × 111\' ([Figure 2C](#f2){ref-type="fig"}) modularization of which was carried out according to modularization scheme 2 (filled boxes) or 3 (open boxes). Combinatorial experiments of six components '111111 × 222222\' (gray circles; also see [Figure 4A](#f4){ref-type="fig"}). The median of γ~NA~ was 0.16. As *z*~*i*~ takes +1 or −1 depending on the sequence, (*z*~*i*~*w*~*i*~+*z*~*j*~*w*~*j*~, *z*~*i*~*z*~*j*~*w*~*ij*~) can take (*w*~*i*~+*w*~*j*~, *w*~*ij*~), (−*w*~*i*~−*w*~*j*~, *w*~*ij*~), (*w*~*i*~−*w*~*j*~, −*w*~*ij*~), or (−*w*~*i*~+*w*~*j*~, −*w*~*ij*~), and therefore the plots become symmetric.](msb200950-f5){#f5}

![Predicting the activity from a small number of samples. (**A**) Correlation between the predicted and experimental data ([Figure 4A](#f4){ref-type="fig"}) on using '111111\' as a reference sequence to obtain up to the 2nd order Bahadur coefficients. *R*^2^=0.933 was obtained. (**B**) The rank order plot (or cumulative frequency distribution) of the 64 *R*^2^ values, obtained from the correlation between the experimental and predicted data calculated using each of the 64 reference sequences. Predicted data were calculated by 2nd (black circles) or 1st (gray circles) order truncation of [equation (m4)](#illus8). The gray dashed line and the bold line show the average and s.d. of the *R*^2^ value obtained, respectively, when the prediction strategy of using up to the 2nd order Bahadur coefficients was applied to predict the respective 100 data sets in which the sequence--activity relationship was shuffled randomly.](msb200950-f6){#f6}
